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1. Introduction

Throughout the paper, all groups are finite, G always denotes a finite group, p denotes a prime,
and F,, denotes the finite field of elements p. Let |G| denote the order of G and let 7(G) denote the set
of all primes dividing |G|. A group G is said to be p-closed if G has a normal Sylow p-subgroup.

It is well known that the product of two normal soluble subgroups is soluble and the product of two
normal nilpotent subgroups is nilpotent; but the product of two normal supersoluble subgroups is not
necessarily supersoluble. Therefore, the following problems arise:

Problem 1.1. Under which conditions will the product of two (normal) supersoluble subgroups be
supersoluble still?

Problem 1.2 (see [1, Chapter II, Problem 6.34]). What is the structure of the nonsupersoluble
group that is a product of two (normal) supersoluble subgroups?

Many authors have studied Problem 1.1, for example, in [2-14]. In particular, Baer proved that if G
is the product of two normal supersoluble subgroups and [G, G| is nilpotent, then G is supersoluble [2];
Friesen proved that G the product of two normal supersoluble subgroups M and N is supersoluble if the
indexes |G : M| and |G : N| are coprime [3].

Recently, Guo and Kondrat’ev in [4] and [5] described the minimal nonsupersoluble group that is
the product of two normal supersoluble subgroups. They proved that a finite minimal nonsupersoluble
group G is decomposable into the product of two normal supersoluble subgroups if and only if G/F(G)
is a primary minimal nonabelian group.

Let 1 be the class of all groups that are the product of two normal supersoluble subgroups. Let 3
be the class of all nonsupersoluble PB1-groups G such that all proper 1-subgroups and nontrivial factor
groups of G are supersoluble. Naturally, the following problem arises:

Problem 1.3. What is the structure of a 3-group?

The main purpose of this paper is to resolve Problem 1.3. In fact, we give the classification of 3-
groups (see Theorem 3.6 below). As a consequence, we also obtain a necessary and sufficient condition
for a Pi-group to be supersoluble (see Corollary 4.1).

All unexplained notation and terminology are standard. The reader is referred to [15,16] if need be.
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2. Preliminaries
We will use the following available results.

Lemma 2.1 (see [17, Theorem 1.8.17]). Suppose that M is a normal nilpotent subgroup of G and
M N®(G) = 1. Then M is the direct product of some minimal normal subgroups of G.

Recall that G is a Frobenius group with complement H if H is a nontrivial proper subgroup of G
such that H N HY =1 for all g € G\H (see [18, Chapter V, Definition 8.1]). In this case,

K = (G\( UGHQ)) u{1}

is a normal subgroup of G, and K is called the Frobenius kernel of G corresponding to the complement H.
Moreover, G = K x H.

Lemma 2.2 (see [18, Chapter V, Theorem 8.7]). Suppose that G = K H is a Frobenius group with
kernel K and complement H. If p > 2, then the Sylow p-subgroups of H are cyclic; if p = 2, then the
Sylow p-subgroups of H are either cyclic groups or a generalized quaternion group. In particular, if H is
abelian then H is cyclic.

Recall that a group A acts regularly on G if A is nontrivial and Cg({a)) ={g| g€ G, g* =g} =1
for every 1 £ a € A. If A is a group of automorphisms of G and acts regularly on G, then A is called
a regqular group of automorphisms of G.

The following lemma is an exercise of Gorenstein’s book [16, Chapter 2, Exercise 17]. For the
convenience of the reader, we include a proof.

Lemma 2.3. If A is a regular group of automorphisms of G, then the semidirect product G x A is
a Frobenius group with kernel G and complement A.

PROOF. For each ga € G x A\ A, where g € G and a € A, it is clear that g # 1. Assume that
AN A9% £ 1. Then there exists 1 # b € AN A9%. It follows that there is ¢ € A such that b = 9%
i.e., b = a"'g 'cga. This implies that g = g. Therefore, ¢ = 1 since g # 1 and A acts regularly on G.
Hence b = 1; a contradiction. AN A9% =1 for all ga € G x A\ A. This implies that G x A is a Frobenius
group with complement A. Since G is a normal complement of A in G x A, G is the Frobenius kernel
of GxA. O

3. The Main Result

Let Ey(1,1,1) = (a,b | ¢ = [a,b], a? = WP = P = [a,c] = [b,c] = 1), p > 2, and My(n,1) =
(a,b | a?" =b" =1, a® = a1+pn71>, n > 2. Note that every maximal subgroup of M,(n,1) contains
(aP) = Z(Mp(n,1)) as a maximal subgroup. Then Mp(n,1) is a minimal nonabelian group.

Firstly we construct four kinds of groups that are P-groups, and it will be shown that these groups
are the only P-groups in Theorem 3.6.

EXAMPLE 3.1. Let p and ¢ be two primes with ¢ | p — 1 and ¢ > 2 and assume that P = F,v; +
Fpva + - -+ + Fpu4 is a g-dimensional vector space over F,. Let w be a primitive gth root of unity in F),.
Let

w 1
w w
a = ) ﬂ: )
—1

w qaxq wq qxq

o1 o --- 0

o o 1 --- 0

0 0 O 1

1 0 O 0

axq
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and Q = (a, 5,7) where Q is generated by «, §, and v with matrix multiplication. Then Q ~ E,(1,1,1).
Put G=PxQ, M =Px{a,f),and N = Px(a,7). Then M and N are normal supersoluble subgroups
of G and G = M N. But G is nonsupersoluble. We denote G by E(p,q,1).

EXAMPLE 3.2. Let p and ¢ be two primes with ¢" | p — 1 and n > 2. Suppose that P = F,u; +
Fpva + --- + Fpv, is a g-dimensional vector space over F),. Let w be a primitive gth root of unity and
let & be a primitive ¢"th root of unity in F),. Let

0 1 0 0
ot 00 1 0
w .
/8: s 'y: N N . . N
0 q—1 0 O 0 1
e 10 0 - 0

axq

and Q = (6,7). Then Q ~ My(n,1). So, G=PxQ, M =Px(8),and N = Px(#9,7). Now, M and N
are normal supersoluble subgroups of G and G = MN. Clearly G is nonsupersoluble. We denote G
by M(p,q,n,0,w).

EXAMPLE 3.3. Let p be a prime with 4 | p — 1 and let P = Fpv; + Fpvp be a 2-dimensional vector
space over F,,. Let 6 be a primitive 4th root of unity in F),. Let

s=(o %) =(%9)

and Q = (3,7). Then Q@ ~ Qs. Let G =P xQ, M = P x (), and N = P x (7). Then M and N are
normal supersoluble subgroups of G and G = M N. But G is a nonsupersoluble Frobenius group with
kernel P and complement ). We denote G by Q(p, 2).

EXAMPLE 3.4. Let p be a prime with 4{p —1 and let P = Fpv; + Fpva be a 2-dimensional vector

space over I),. Let
(-1 0 5= 1 0 (0 1
““lo 1) 77 o -1)> 771 0

and @ = (a,3,7). Then Q ~ Dy. Let G=PxQ, M = P x{(a,(), and N = P x («,7). Then M and N
are normal supersoluble subgroups of G and G = M N. Clearly, G is nonsupersoluble. We denote G

by D(p,2).

E(p,q,1), M(p,q,n,0,w), Q(p,2), and D(p,2) are P-groups. In fact, on the one hand P is the unique
minimal normal subgroup of E(p,q,1), M(p,q,n,0,w), Q(p,2), and D(p,2). This implies that every
nontrivial factor group of E(p,q,1), M(p,q,n,0,w), Q(p,2), and D(p,2) is supersoluble. On the other
hand, E(p,q,1), M(p,q,n,0,w), and Q(p,2) are minimal nonsupersoluble since every proper subgroup
of @ is an abelian group with exponent dividing p — 1. (Note that if G = PQ where P is a normal
abelian Sylow p-subgroup of G with C(P) = P and @ is a Sylow g-subgroup of G with ¢ # p, then G
is supersoluble if and only if @ is an abelian group with exponent dividing p — 1.) For D(p,2), since @
has the unique proper subgroup A = (37v) that is not an abelian group with exponent dividing p — 1, all
proper subgroups of D(p,2) are supersoluble but P x A. Note that P x A is not a 3,-group. Therefore,
every proper ‘B,-subgroup of E(p,q,1), M(p,q,n,0,w), Q(p,2), and D(p,?2) is supersoluble.

Proposition 3.5. Let 6% and w" be a primitive ¢"th root and a primitive pth root of unity in Fp,
respectively. Then M (p,q,n,0,w) ~ M(p,q,n,0% w").

PrOOF. Keep the notations of Example 3.2. There exists a natural number a such that (§¥)* = @
and (a,q) = 1 for @ and 6% are both primitive ¢"th roots of unity in Fp,. Since

M(p7Q7n70k7wr) = ﬁ X <B77> =P x <(B)aa7> s M(p7q7n,0ka,wra) = M(p’Q7na07wTa)7
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where each of P, 3, and 7 is similar to P, 3, and 7, respectively in Example 3.2, it suffices to show that
M(p,q,n,0,w) ~ M(p,q,n,0,w™) for all 1 <m < q—1.

Let P' = Fpv| + Fpvy + - + Fpuy, where (v],v5,...,v}) is a basis of P’ and

1 0 0
0 00 1 0
ﬂ/ O™ , .
= , Y= :
Pola—1m 0 0 O 1
“ axq 10 0 0

axq

Let Q' = (#,7) and G' = P’ x Q" = M(p,q,n,0,w™). Turning to M(p,q,n,0,w), let v; = v,,, where
1<ri<gqandgq]|i—r; foral i > q. Since v;y = v;+1, we have that v,y = v;4y,. Note that
(V1,V14m, - -+ Vit (g—1)m) 18 @ basis of P. Then P = Fpv1 + Fpv1ym + - + Fpvi4(g—1)m and 3, 4™ have
the following matrix representation corresponding to the basis (v1, vi4m; - -, Viy(g—1)m):
9 o1 0 --- 0
0 0 1 0
Ow™ m .o ) .
ﬂ = y Y= : R
fola—1m 0 0 O |
9%q 1 0 0 - 0/,
Thus

M(p,q,n,0,w) = P x (B,7) = P x (8,9™) =~ P' x (6',7") = M(p,q,n,0,u™).
Therefore, M (p,q,n,0,w) ~ M(p,q,n,0,w™) for all 1 <m < g — 1. This completes the proof. [

By Proposition 3.5, we can briefly denote M (p, q,n,6,w) by M(p,q,n).
In the rest part of this paper, A(p — 1) denotes the class of all abelian groups with the exponent
dividing p — 1.

Theorem 3.6. Assume that G is a B-group. Then |7(G)| = 2 and G is isomorphic to one of the
groups E(p,q,1), M(p,q,n), Q(p,2), and D(p,2).

PROOF. Since G is a P-group, G is a nonsupersoluble P, -group and every proper Pi-subgroup and
every nontrivial factor group of G is supersoluble. Assume that G = M N, where M and N are two
normal supersoluble subgroups of G. We proceed the proof in the following steps:

(1) ¢(G) = 1.

Suppose that ®(G) # 1. The assumption on G implies that G/®(G) is supersoluble. So G is
supersoluble; a contradiction.

(2) G has the unique minimal normal subgroup K and G/K is supersoluble.

Let K be a minimal normal subgroup of G. The assumption on G implies that G/K is supersoluble.
Suppose that H is another minimal normal subgroup of G. Then G/H is supersoluble. This induces
that GG is supersoluble; a contradiction. Thus uniqueness follows.

(3) Let p be the largest prime in 7(G). Then G is p-closed and K = F(G) = O,(G).

M and N are p-closed since M and N are supersoluble. It follows that G is p-closed since M and N
are normal subgroups of G and G = M N. Therefore, it suffices to show that K = F(G). By (1) and
Lemma 2.1, F(G) = Aj X --- x A where A; is a minimal normal subgroup of G for 1 < i < k. By (2),
k=1 and F(G) = K. Hence (3) holds.

(4) M/K € A(p—1), N/K € A(p — 1) and G/K is a nonabelian ¢g-group with ¢ | p — 1.

By (3), F(M) = K. It follows that M/K is abelian since M is supersoluble. By (1), ®(M) = 1. By
Lemma 2.1, K = A x --- x A, where A;, 1 < ¢ < r, is a minimal normal subgroup of M. Since M is
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supersoluble, M /Cy(A;) € A(p — 1), 1 < i <r. Hence, M/(Cpr(A1)N---NCuy(Ay)) € A(p — 1). Note
that

Car(A1) N -+ N Car(Ar) = Cur(K) = Cag(F(M)) < F(M) = K.

Hence M/K € 2(p — 1). With the same argument, N/K € 2(p — 1). Assume now that |7(G/K)| # 1.
Let ¢ € 7(G/K) and let Q1/K and Q2/K be the Sylow g-subgroups of M/K and N/K respectively.
Clearly, Q1 and @2 are normal supersoluble subgroups of G and (Q1Q2)/K is the normal Sylow g¢-
subgroup of G/K. Hence Q1Q2 is a proper ‘B,-subgroup of G. The assumption on G implies that Q1Q2
is supersoluble. It follows that (Q1Q2)/K is abelian since K = F(G) = F(Q1Q2). Therefore, G/K is
abelian since every Sylow subgroup of G/K is normal abelian in G/K. The above shows that G/K is
abelian, M/K € (p — 1), and N/K € (p — 1). This implies that G/K € A(p — 1). By [19, Chapter 1,
Theorem 1.4], K is cyclic. Therefore, G is supersoluble; a contradiction. Thus |7(G/K)| = 1, and so G/ K
is a g-group for some prime g # p. It is clear that G/K is nonabelian and ¢ | p — 1. Hence (4) holds.

(5) Let M; > M and N; > N be two maximal normal subgroups of G. Then M; and Nj are
supersoluble, while M; /K and N;/K are abelian and 1 # M;/K N N1 /K is cyclic.

Clearly My = MN N M; = M(N N M;) and M, N N M; are two normal supersoluble subgroups
of M;. The assumption of G implies that M; is supersoluble. Then, since K = F(G) = F(M;), M1/K
is abelian. With the same argument, N; is supersoluble and N; /K is abelian.

Let @ be a Sylow g-subgroup of G. By (3) and (4), G = K@Q. Since K is a minimal normal
subgroup of G and @ is a complement of K in G; therefore, () is a maximal subgroup of G. Moreover,
My =M iNKQ=K(QnNM)and Ny = NyNKQ = K(Q N Ny). Because M;/K and N;/K are both
abelian, @ N M; and QN Ny are different abelian maximal subgroups of Q. Let Q' = (QNM;)N(Q N Ny).
If @' =1 then @ is abelian, and so G/K is abelian; a contradiction. This implies that 1 # Q' < Z(Q).
We claim that Q' acts regularly on K by conjugation. Assume this false. There exist 1 # a € Q'
and 1 # k € K such that k% = k. Then Cg({a)) > (@, k) = G since @ is a maximal subgroup of G.
This implies that («) < G, which contradicts (2). Hence Q' acts regularly on K. Since K = F(G),
Q' acts faithfully on K. Therefore, Q' can be viewed as a regular group of automorphisms of K. By
Lemma 2.3, KQ' is a Frobenius group with complement Q'. By Lemma 2.2, Q' is cyclic. This implies
that M1 /KN N;/K=(MiNN1NQ)K/K =Q K/K # 1 is cyclic. Thus (5) is true.

Without loss of generality, we may assume that M and N are maximal normal subgroups of G. Let @
be a Sylow g-subgroup of G. In the rest part of the proof, )1 and Q)2 are fixed g-groups with Q1 = M NQ
and Q2 = NN Q. Then M = K@y and N = KQ3. By (5), @1 and Q2 are abelian maximal subgroups
of @ and 1 # Q1 N Qs is cyclic. Let Q1 N Q2 = (). Then (a) < Z(Q) and |Q/{a)| < ¢*.

(6) (a) = Z(Q) and Q/(a) ~ Z, x Z,.
If one of the above statements is not true, then Q/Z(Q) is cyclic. This implies that @ is abelian.
Then G/K is abelian, which contradicts (4). Hence (6) holds.

Obviously, K is an elementary abelian p-group and K can be viewed as a vector space over F,,. Since
K = F(G), Cg(K) = K, and @ can be considered as a linear transformation group on K. The conjugate
action of Q on K makes K an irreducible )-module. Since M is supersoluble, K has a basis .# such that
any element of ()1 has a diagonal matrix representation corresponding to .# by the Maschke Theorem
[16, Chapter 3, Theorem 3.1]. Then

a11n1
a21n2
akInk

where q; is distinct from each other for 1 <3 < k.

(7) k = 1; i.e., v is a scalar linear transformation on K.
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Let V={v|v e K,v* = aiv}. Then V is a nontrivial Q-submodule of K for a € Z(Q). Since K is
an irreducible -module, we have that V' = K. Therefore, (7) is true.
By (6), for every 8 € Q1\(«), we have that 57 € (o). By (7),

bl
bwk2fllm2

bwkr=11,,

where w is a primitive gth root of unity in Fj, and 1 < k; # k; < qg—1if i # j.

(8) r>1.

If r =1, then 8 € Z(Q) = (a); a contradiction. Hence (8) holds.

By (8) and Q1 = (o, 8), K may be considered as a Q1-module which has »r Wedderburn components
(see [16, p. 72]) Vi, Va,...,V,, r > 1 (V; is actually the eigenspace with eigenvalue bw"*-1 of f3).

(9) r =q and m; =mg =--- = my = n for some n > 1.

Let v € Q\Q1. By the Clifford Theorem [16, Chapter 3, Theorem 4.1], () induces a transitively
permutative action on {Vi, Vs, ..., V,} since @1 < Q, Q = Q1(7) and K is an irreducible @Q-module. This
implies that m; = mg = .-+ = m, = n for some n > 1. Since ¥4 € (a) by (6) and V; is Q1-module for
1 <i <r, we have that r = ¢. Thus (9) is true.

Let v € Q\Q:1. From the proof of (9), K has a basis (v%,...,v?,v%,...,vg,...,v;,...,v;‘) such
that «, G, and v have the following matrix representation corresponding to that basis:

al, b, B
aly, bk,
a = ) ﬂ: 3
aly gnxqn Eaﬁéillﬁ qnxqn
o I, 0 --- 0
o o I, --- 0
= ,
0 0 0 oI,
c 0 o --- 0

qnXxqn

where 1 <k} < ¢ —1 and &, is distinct from each other for 1 <i < ¢ — 1.

(10) n =1 and there exists k such that (k,q) =1 and ¢ | k, — ik for any 1 <¢ < ¢ — 1.

Note that 74 € (). This implies that C' = cl,, where ¢ € Fj. Then (vf) x (v3) X --- x (v) is
a @Q-submodule of K. It follows that (vi) x (v3) x --- x (vé) = K and n = 1. By (6), [3,7] € («) is of
order ¢ since [3,7]? = [89,v] = 1. Directly calculating, we see that there exists k such that (k,q) = 1
and ¢ | k, — ik for any 1 <1i < g — 1. Therefore, (10) is true.

Without loss of generality, assume that k&, = i, for 1 < i < ¢ — 1, otherwise we can choose another
primitive gth root w’ = w* of unity in F,.

(11) Conclusion.

CASE I. @1 and Q)2 are both noncyclic.

In this case, we can choose that § € Q1 and v € Q2 both of order q. Assume that |a| > ¢. Let
A= K(a4,0,7), B=K(a4,3) and C = K(a4,v). Then F(A) = K and B, C are normal supersoluble
subgroups of A. Since K = F(A) and A/K ~ (a%,(3,~) is nonabelian, A is nonsupersoluble, which
contradicts the assumption on G since A is a proper J3,-subgroup of G. Hence |a| = ¢. Then «, 3, and v
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have the matrix representation

0 0 0
w 1 00 1 0
w w . .
a = b ﬁ = b ,y = : ’
1 0O 0 O 1
w gxq wl gxq 1 0 0 0

axq
where w is a primitive gth root of unity in F,. Then G ~ K x (a,3,7). Moreover, if ¢ # 2, then
G ~ E(p,q,1).

Cask II. @ is cyclic and @9 is noncyclic or @2 is cyclic and @1 is noncyclic.
Without loss of generality, we may assume that Q1 = (8) and Q2 = (a) X () with |a] =¢", n > 1,
and |y| = ¢. Then || = ¢"*!. So 3 and v have the matrix representation:

) 01 0 - 0
00 1 - 0

0w e . .

8= Ly = Do e
e 00 0 " o1

e 10 0 - 0

axq

where 6 is a primitive ¢"T'th root and w is a primitive qth root of unity in Fp. Hence G ~ K x (8,7) =
M(p,g;n+1),n>1.

Cask III. @1 and Q4 are both cyclic.

Assume that there is a € Q\Q1 of order ¢g. Note that (a,a) € A(p — 1) and [Q, Q] < (a) by (6).
Then A = K{«,a) is a normal supersoluble subgroup of G and G = M A. This can be reduced to Case II
since we can replace N by A.

Therefore, we can assume that ) has only one subgroup of order q. Then (@ is either a cyclic group
or a generalized quaternion group. Since () is nonabelian, @ is a generalized quaternion group and q = 2;
ie.,

Q~ (a,b|a®" =1, a2 = b2, a® =a™t),

where n > 2. It follows that |Z(Q)|=2. This implies that |Q| = 8 since Q/Z(Q) ~ Z, x Z, by (6). Hence
@ ~ Qg and we can choose 3 and ~ such that Q1 = () and Q2 = (v), while 8 and « have the following

matrix representation:
6 0 0 1
ﬂz(o —9)’ ’V:<—1 o)

where 6 is a primitive 4th root of unity in F),. Then G ~ K x (3,7) = Q(p,2).

Assume that ¢ = 2 in Case I. If 4 | p—1, it can be reduced to Case II since we can put Q1 = Q) = (87)
and Q2 = Q) = (a,v) (M’ = KQ} and N' = K@), are two normal supersoluble subgroups of G and
G = M'N'). Then G ~ M(p,2,2). Assume now that 44 p — 1. Then it can not be reduced to Case II
since K@) is nonsupersoluble and G ~ D(p,2). Therefore, in Case I, if ¢ = 2 then G is isomorphic to
one of the groups M(p,2,2) and D(p,2). By the above G is isomorphic to one of the groups F(p,q,1),
M(p,q,n), Q(p,2), and D(p,2). This completes the proof. [

4. Some Applications of Theorem 3.6

Let A be a group. G has an A-factor if G has subgroups H and K such that K < H and H/K ~ A.
The following corollary is straightforward from Theorem 3.6, which give a necessary and sufficient
condition for a B1-group to be supersoluble.
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Corollary 4.1. Suppose that G = MN where M and N are normal supersoluble subgroups
of G. Then G is supersoluble if and only if G has no A-factor, where A is isomorphic to one of the

groups E(p,q,1), M(p,q,n), Q(p,2), and D(p, 2).

Note that the commutator subgroups of E(p,q,1), M(p,q,n), Q(p,2), and D(p,2) are nonnilpotent.
By Corollary 4.1, the following corollary is obvious.

Corollary 4.2 [2]. Suppose that G = M N where M and N are normal supersoluble subgroups of G.
Then G is supersoluble if [G, G] is nilpotent.

Corollary 4.3 [3]. Suppose that M and N are normal supersoluble subgroups of G. Then G is
supersoluble if the indexes of |G : M| and |G : N| are coprime.

PROOF. The coprime indexes of |G : M| and |G : N| imply that G = M N. If G is nonsupersoluble,
then G has some factor H/K such that H/K is isomorphic to one of the groups E(p,q,1), M(p,q,n),
Q(p,2), and D(p,2) by Corollary 4.1. The indexes of |H : H N M| and |H : H N N| are coprime for
|H: HO\M| = |HM : M| and |H : HN N| = |HN : N|. Therefore, (H,H N M,H N N) satisfies the
assumption. Clearly H is nonsupersoluble . Without loss of generality, we may assume that H = G.
Note that the indexes of |G/K : MK/K| and |G/K : NK/K| are coprime. It follows that either
MK/K = G/K or NK/K = G/K since |[7(G/K)| = |7(H/K)| = 2 and G/K = H/K has an unique
minimal normal subgroup which is a Sylow subgroup of G/K. This implies that G/K is supersoluble;
i.e., H/K is supersoluble. This yields a contradiction. I

If H is an elementary abelian group with |H| = p™ for some prime p, then we call H of rank n and
put (H) = n.

Theorem 4.4. Suppose that G = M N, where M and N are normal supersoluble subgroups of G.
Let g be the least prime in 71(M)Nx(N). If r(H/K) < q for every chief factor H/K of G below M NN,
then G is supersoluble.

Proor. If r(M)Nn(N) = &, then MNN =1 and G = M x N. In this case, G is supersolu-
ble. Therefore, we can assume that 7(M) N 7(N) # &. Assume that the claim is false and let G be
a counterexample such that |G| is minimal. Then

(1) (G)NM =®(G)NN = 1.

If one of the above statements is not true, then either ®(G) N M # 1 or ®(G) N N # 1. Without
loss of generality, assume that ®(G) "M # 1. Let A= ®(G)N M. Since M/A(NNA/A=(MNN)A/A
and 7(M/A)Nm(NA/A) C w(M)Nm(N), the hypothesis holds for (G/A, M/A, NA/A). The choice of G
implies that G/A is supersoluble. It follows that G is supersoluble; a contradiction.

(2) Let K < M be a minimal normal subgroup of G. Then K is the unique minimal normal subgroup
of G lying in M or N, while K = F(M) = F(N) and G/K is supersoluble.

Since M/K(Y\NK/K = (M NN)K/K and n(M/K)Nn(NK/K) C n(M) N m(N), the hypothesis
holds for (G/K,M/K,NK/K). The choice of G implies that G/K is supersoluble. This implies that G
has the unique minimal normal subgroup K lying in M. By (1) and Lemma 2.1, F(M) = K. Now assume
that A < N is a minimal normal subgroup of G. With the same argument, A is the unique minimal
normal subgroup of G lying in N, G/A is supersoluble, and A = F(N). Since G is nonsupersoluble,
A = K. Therefore, (2) is true.

(3) Let p be the largest prime of 7(G). Then G is p-closed, K = O,(G), and F(G) = K x Z(G).

Since M and N are supersoluble, M and N are p-closed. By (2) and since G = M N, K = O,(G) =
Op(M)O,(N) is the Sylow p-subgroup of G. Thus G is p-closed and F(G) = K x Oy (F(G)). By (2),
Oy (F(G))NM = Oy (F(G))NN = 1. Obviously, K (| Z(G) = 1. Then F(G) = KxZ(G). Thus (3) holds.

(4) Let A < M and let B < N be two normal subgroups of G. Then the hypothesis holds
for (AB, A, B).

Let ¢’ be the least prime in w(A) N 7(B) (in case 7(A) N7(B) = &, we also say that the hypothesis
holds for (AB, A, B) since, in this case, AB is supersoluble). Then ¢’ > ¢. If the statement is false, then
AN B includes a chief factor H/K of AB with r(H/K) > ¢'. Note that AN B is a normal subgroup of G

326



contained in M NN. By the Jordan-Holder Theorem with operator, M NN includes a chief factor H' /K’
of G such that r(H'/K') > r(H/K) > ¢’ > g, which contradicts the hypothesis. Hence (4) is true.

(5) M/K € A(p—1), N/K € A(p—1) and G/K is a nonabelian g-group and ¢ | p — 1.

By (1), ®(M) = ®(N) = 1. By the same argument as (4) of the proof of Theorem 3.6, M/K €
A(p—1) and N/K € A(p — 1). Assume that |7(G/K)| > 2. Let r € n(G/K) and let R;/K and Ry/K
be the Sylow r-subgroups of M/K and N/K respectively. Then Ry < M and Ry < N are normal
supersoluble subgroups of G and (R;R3)/K is the normal Sylow r-subgroup of G/K. By (4), R1 Ry is
supersoluble since Rj R is a proper subgroup of G. Then R;R2Z(G) is supersoluble too. It follows
that (R1R2)Z(G)/(K x Z(G)) is abelian since F(G) = K x Z(G) = F(R1R2Z(G)) by (3). Note that
(R1R2)Z(G)/(K x Z(G)) is a normal Sylow r-subgroup of G/(K x Z(G)). Then G/(K x Z(Q)) is
abelian since every Sylow subgroup of G/(K x Z(G)) is normal abelian in G/(K x Z(G)). The above
shows that M/K € A(p — 1), N/JK € A(p — 1) and G/(K x Z(G)) is abelian. This implies that
G/(K x Z(G)) € A(p — 1). Clearly, (K x Z(G))/Z(G) is a minimal normal subgroup of G/Z(G) and

(G/2(G)/(K x 2(G))/2(G)) = G/(K x Z(G)) € Alp - 1).

By [19, Chapter 1, Theorem 1.4], (K x Z(G))/Z(G) is cyclic, and so K is cyclic. Therefore, G is
supersoluble; a contradiction. Hence |7(G/K)| = 1 and G/K is a r-group for some prime r # p. It is
clear that G/K is nonabelian and r | p — 1. If r = ¢, then (5) holds. Hence we can assume that r # q.
This implies that p = ¢ since 7(G) = {p,r}. Note that p > r. This implies that r ¢ 7(M)(7(N). It
follows that either G = N or G = M since K is a Sylow p-subgroup of G lying in M and N by (3) and
G = MN. Therefore, G is supersoluble; a contradiction. Thus (5) holds.

The final contradiction.

By (5), 7(G) = {p, q}. Note that K is a minimal normal subgroup of G lying in M NN. By hypothesis,
r(K) < g, i.e., |[K| < p?. By (5) and Corollary 4.1, G has a factor H/J such that H/.J is isomorphic to
one of the groups E(p,q,1), M(p,q,n), Q(p,2), and D(p,2) (if H/J is isomorphic to Q(p,2) or D(p,2),
then ¢ = 2). Note that the Sylow p-subgroups of H/K are of order p?. This implies that |K| > p?
since K is a Sylow p-subgroup of G; a contradiction. The final contradiction completes the proof. []

Let G be a group and |G| = p{'p5? ... po", where p1 > pa > -+ > p,, are primes and aj, a2, ..., a,
are positive integers. Recall that G is said to be a Sylow tower group if G has some normal series
1=Go <Gy <--<Gp=Gsuchthat |G;/Gi—1| =pj,i=1,...,n

Corollary 4.5. Suppose that G = M N where M and N are normal supersoluble subgroups of G.
Let q be the least prime in m(M)Nn(N). If r(P/®(P)) < q for all Sylow subgroups P of M NN, then G
is supersoluble.

Proorf. If r(M)N7(N) = @, then G = M x N and G is supersoluble. We can, therefore, assume
that 7(M)N7(N) # @. Note that M N N is also a normal Sylow tower subgroup of G, i.e., if M N N| =

p’f ! p§2 . pg" where p; > ps > -+ > p, and M N N has some normal series

1=Ay<A1<---<A,=MNN

such that |A4;/A;—1| = pfi, i=1,...,n. Since A; is a characteristic subgroup of M N N; therefore, A; is
normal in G, i =0,1,...,n.

Assume that G is nonsupersoluble. Then there exists 1 < i < n such that G/A; is supersoluble
and G/A;_; is nonsupersoluble. Let P; be a Sylow p;-subgroup of M N N. Then A;/A;—1 ~ P;. Let
H/A;_1 = ®(A;/Ai—1). Obviously, H is normal in G and r(A;/H) = r(P;/®(F;)) < q. Note that if
n(M/H)Nw(N/H) = @, then G/H is supersoluble. On the other hand, assume that 7(M/H)N7(N/H)
# @ and let ¢’ be the least prime in 7(M/H) N 7(N/H). Then ¢ > q and r(A4;/H) < ¢'. Since G/A;
is supersoluble and r(A;/H) < ¢; therefore, (G/H, M/H, N/H) satisfies the hypothesis of Theorem 4.4
by the Jordan-Hélder Theorem, and so G/H is supersoluble. In any case, G/H is supersoluble. But
since H/Az‘_l = ‘I)(Al/Az_l) S (I)(G/Az_l) and (G/Al_l)/(H/Az_l) ~ G/H is Supersoluble, G/Ai_l is
supersoluble; a contradiction. Hence G is supersoluble. [
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